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GENERAL n-CANONICAL DIVISORS ON
TWO-DIMENSIONAL SMOOTHABLE
SEMI-LOG-TERMINAL SINGULARITIES
MASAYUKI IWAMOTO
1. Introduction
This paper is devoted to some fundumental calculation on 2-dimensional
smoothable semi-log-terminal singularities. If we study minimal or
canonical models of one parameter degeneration of algebraic surfaces,
we must treat singularities that appear in the central fiber. Smoothable
semi-log-terminal singularities are the singularities of the central fiber
of the minimal model of degeneration, and the singularities of the cen-
tral fiber of the canonical model of degeneration which may have large
Gorenstein index. Kolla´r and Shepherd-Barron caracterized these sin-
gularities in [K-SB], but for numerical theory of degeneration, we need
more detailed information.
In this paper, we calculate general n-canonical divisors on these sin-
gularities, in other words, we calculate the full sheaves associated to
the double dual of the n-th tensor power of the dualizing sheaves. And
the application of this result, we bound the Gorenstein index by the
local self intersection number of the n-canonical divisor.
Notation: In this paper,
[q1, q2, q3, . . . ] = q1 +
1
q2 +
1
q3 + ...
[[q1, q2, q3, . . . ]] = q1 −
1
q2 −
1
q3 − ...
If p : X˜ → X is a birational morphism and D is a divisor on X , we
denote by D˜ the proper transform of D on X˜ .
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2. Basic calculation
Let Y be a cyclic quotient singularity of the form Spec(C[̥1,̥2])/〈α〉,
where 〈α〉 is a cyclic group of order r and α acts on Spec(C[̥1,̥2])/〈α〉
as (α∗z1, α
∗z2) = (η
sz1, ηz2) in which η is a primitive r-th root of unity,
(r, s) = 1, and 0 < s < r. Let
r
s
= [[q1, q2, . . . , qk]] be an expansion
into continued fraction, and ri be the i-th remainder of the Euclidean
algorithm, i.e. {ri}i=0,1,...,k+1 is a seqence determined by r0 = r, r1 =
s, ri−1 = qiri − ri+1. Let
Pi
Qi
be the i-the convergent, i.e. {Pi}i=−1,0,...,k
is a sequence determined by P−1 = 0, P0 = 1, Pi = qiPi−1 − Pi−2 and
{Qi}i=−1,0,...,k is determined by Q−1 = −1, Q0 = 0, Qi = qiQi−1−Qi−2.
Let f : C2→ Y be a quotient map, and p : Y˜ → Y the minimal desin-
gularization. It is well known that the dual graph of the exceptional
divisors of p is a chain of rational curves ∪1≤i≤kEi such that E
2
i = −qi.
We put
λi = Pi−1, µi = ri, α
j
i =


1
m
µiλj (for j ≤ i)
1
m
λiµj (for i < j)
Note that c1z
λi
1 + c2z
µi
2 is a 〈α〉-semi-invariant since r1Pi− r0Qi = ri+1.
Lemma 2.1. Let Ci be a divisor on Y such that f
∗Ci = (ciz
λi
1 +c2z
µi
2 =
0) in which c1, c2 ∈ C∗. Then
(i) C˜ i · Ej = δi,j (ii) p
∗Ci = C˜ i +
∑
αijEj
Proof. If we write Y = TNemb(σ), where N = Z⋉1 + Z⋉2 and
σ = R≥0⋉1 + R≥0[(r − ∼)⋉1 + ⋉2], then Ei corresponds to (Pi−1 −
Qi−1)n1 + Pi−1n2. The rest of proof is a direct calculation using the
above description and the formula PiQi−1 − QiPi−1 = −1, and it can
be easily done.
Next lemma is a easy fact on continued fraction. We denote by (2, q)
the sequence (2, 2, . . . , 2) of length q.
Lemma 2.2. Let a, m be a natural number such that (a,m) = 1,
m
2
< a < m. Put b = m− a. Let
a
b
= [q1, q2, . . . , qk]. Then
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(i) If k is even,
m
a
=[[(2, q1), q2 + 2, (2, q3 − 1), q4 + 2, . . . , (2, qk−3 − 1), qk−2 + 2,
(2, qk−1 − 1), qk + 1]]
m
b
=[[q1 + 2, (2, q2 − 1), q3 + 2, (2, q4 − 1), q5 + 2, . . . , (2, qk−2 − 1),
qk−1 + 2, (2, qk + 1)]]
(ii) If k is odd,
m
a
=[[(2, q1), q2 + 2, (2, q3 − 1), q4 + 2, . . . , qk−3 + 2, (2, qk−2 − 1),
qk−1 + 2, (2, qk − 1)]]
m
b
=[[q1 + 2, (2, q2 − 1), q3 + 2, (2, q4 − 1), q5 + 2, . . . , (2, qk−3 − 1), qk−2 + 2,
(2, qk−1 − 1), qk + 1]]
Proof. Since this is elementary we left it for the reader.
In the rest of this section we shall index the exceptional divisors
of the minimal (semi-) resolution smoothable of the semi-log-terminal
singularity.
First we treat the normal case. Let (a, d,m) be a triplet of positive
integers such that a < b and a is prime to m. We denote by Xa,d,m
a 2-dimentional quotient singularity of the form Spec(C[̥1,̥2])/〈α〉,
where 〈α〉 is a cyclic group of order dm2 and α acts on Spec(C[̥1,̥2])
as α∗(z1, z2) = (ε
adm−1z1, εz2) in which ε is a primitive dm
2-th root of
unity. By [K-SB Proposition 3.10], a singularity of class T which is
not RDP is analytically isomorphic to Xa,d,m for some (a, d,m). Let
f : C2→ Xa,,⋗ be a quotient map and p : X˜a,d,m → Xa,d,m the minimal
desingularization. We assume 2a > m since Xa,d,m ≃ Xm−a,d,m. Put
b = m − a, and let
a
b
= [q1, q2, . . . , qk] be an expantion into continued
fraction. Let ri be the i-th remainder of the Euclidean algorithm, i.e.
{ri}i=0,1,...,k+1 is a sequence determined by r0 = a, r1 = m − a, ri−1 =
qiri + ri+1. Let
Pi
Qi
be an the i-th convergent, i.e. {Pi}i=−1,0,...,k is
a sequence determined by P−1 = 0, P0 = 1, Pi = qiPi−1 + Pi−2 and
{Qi}i=−1,0,...,k is determined by Q−1 = 1, Q0 = 0, Qi = qiQi−1 +Qi−2.
Lemma 2.3. Let m, a, b, d be positive integers such that m = a + b,
a > b, (a, b) = 1. Let
a
b
= [q1, q2, . . . , qk] be an expansion into continued
fraction. Then
dma− 1
dmb+ 1
= [q′1, q
′
2, . . . , q
′
k′]
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where q′i is as follows.
(i) If d = 1 and k is even,
q′i =


q1 (i = 1)
qi (2 ≤ i ≤ k − 1)
qk + 1 (i = k)
qk − 1 (i = k + 1)
q2k−i+1 (k + 2 ≤ i ≤ 2k − 1)
q1 + 1 (i = 2k = k
′)
(ii) If d = 1 and k is odd,
q′i =


q1 (i = 1)
qi (2 ≤ i ≤ k − 1)
qk − 1 (i = k)
qk + 1 (i = k + 1)
q2k−i+1 (k + 2 ≤ i ≤ 2k − 1)
q1 + 1 (i = 2k = k
′)
(iii) If d ≥ 2 and k is even,
q′i =


q1 (i = 1)
qi (2 ≤ i ≤ k)
d− 1 (i = k + 1)
1 (i = k + 2)
qk − 1 (i = k + 3)
q2k+3−i (k + 4 ≤ i ≤ 2k + 1)
q1 + 1 (i = 2k + 2 = k
′)
(iv) If d ≥ 2 and k is odd,
q′i =


q1 (i = 1)
qi (2 ≤ i ≤ k − 1)
qk − 1 (i = k)
1 (i = k + 1)
d− 1 (i = k + 2)
q2k+3−i (k + 3 ≤ i ≤ 2k + 1)
q1 + 1 (i = 2k + 2 = k
′)
By Lemma 2.2 and 2.3, we can calculate the dual graph of the ex-
ceptional divisors of p in terms of the continued fraction expansion of
4
ab
. (See [K-SB]) From now, we assume k is even since the calculation
is the same for odd k. We shall index the exceptional divisors in the
following manner. Set the index set Io, Ie, I as follows:
Io = {(i, j)|1 ≤ i ≤ k + 1; i odd; 1 ≤ j ≤ qi(for i < k + 1), 1 ≤ j ≤ d(for i = k + 1)}
Ie = {(i, j)|1 ≤ i ≤ k + 1; i even; 1 ≤ j ≤ qi(for i < k), 1 ≤ j ≤ qk − 1(for i = k)}
I = Io ∐ Ie
We define ρij , λ¯
i
j, λˆ
i
j, λ
i
j, µ¯
i
j, µˆ
i
j, µ
i
j for (i, j) ∈ I as follows.
ρij = ri−1 − (j − 1)ri
λ¯ij =
{
Pi−2 + (j − 1)Pi−1 ((i, j) ∈ Io)
−{Pi−2 + (j − 1)Pi−1}+ daρ
i
j ((i, j) ∈ Ie)
λˆij =
{
Qi−2 + (j − 1)Qi−1 ((i, j) ∈ Io)
−{Qi−2 + (j − 1)Qi−1}+ dbρij ((i, j) ∈ Ie)
µ¯ij =
{
−{Pi−2 + (j − 1)Pi−1}+ daρij ((i, j) ∈ Io)
Pi−2 + (j − 1)Pi−1 ((i, j) ∈ Ie)
µˆij =
{
−{Qi−2 + (j − 1)Qi−1}+ dbρij ((i, j) ∈ Io)
Qi−2 + (j − 1)Qi−1 ((i, j) ∈ Ie)
λij = λ¯
i
j + λˆ
i
j , µ
i
j = µ¯
i
j + µˆ
i
j
We can write Y = TNemb(σ), where
N = Z⋉1 + Z⋉2, σ = R≥0⋉1 + R≥0[(⋗+ 1)⋉1 +⋗
2⋉2]
We denote by Eij the exceptional divisor associated to λˆ
i
jn1 + λ
i
jn2.
Note that by Lemma 2.1, for ι ∈ I, the proper transform of Cι =
(c1z
λι
1 +c2z
µι
2 )/〈α〉 ∈ Xa,d,m intersects the exceptional locus transversely
at Eι. We define the order ‘≤’ in the index set I by the lexicographic
order.
Next we treat the non-normal case. We denote byNC2 = SpecC[̥1,̥2,̥3]/(̥1̥2)
a 2-dimentional normal crossing point. Let (a,m) be a pair of positive
integers such that 0 < a < m and a is prime to m. Put b = m− a, and
let a′ and b′ be integers such that aa′ ≡ bb′ ≡ 1 (mod m), 0 < a′ < m,
and 0 < b′ < m. Let 〈α〉 be a cyclic group of order m, and let 〈α〉
act on NC2 as (α∗z1, α
∗z2, α
∗z3) = (ε
a′z1, ε
b′z2, εz3) where ε is a prim-
itive m-th root of unity. We denote by Xa,m the quotient of NC
2
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by this 〈α〉-action. By [K-SB], 2-dimentional smoothable semi-log-
terminal singularity which is neither normal nor NC2 is analytically
isomorphic to Xa,m for some (a,m). Put X = Xa,m. Let f : NC
2 → X
be the quotient map and p : X˜ → X the minimal semi-resolution. Let
g : C2⋊ ∐ C
2 → NC2, gX : Xo ∐ Xe → X , and gX˜ : X˜o ∐ X˜e → X˜ be
normalizations, where C2⋊ = SpecC[̥1,̥3], C
2 = SpecC[̥2,̥3], Xo
(resp. Xe) is the quotient of C
2
⋊ (resp. C
2), and X˜o (resp. X˜e) is the
minimal resolution of Xo (resp. Xe). We get the following diagram.
C2⋊∐ C
2 fo∐fe−−−→ Xo ∐Xe
po∐pe
←−−− X˜o ∐ X˜e
g
y ygX ygX˜
NC2 −−−→
f
X ←−−−
p
X˜
We denote by ∆, ∆′, and ∆˜ the double curve of X , NC2, and X˜
respectively. Let ∆o (resp. ∆e) be the inverse image of ∆ in Xo (resp.
Xe), and define ∆
′
o, ∆
′
e, ∆˜o, and ∆˜e similarly. We assume k is even.
Set the index set Io, Ie, I as follows:
Io = {(i, j)|1 ≤ i ≤ k + 1; i odd; 1 ≤ j ≤ qi(for i < k), j = 1(for i = k + 1)}
Ie = {(i, j)|1 ≤ i ≤ k + 1; i even; 1 ≤ j ≤ qi}
I = Io ∐ Ie
We define λij , µ
i
j for (i, j) ∈ I as follows:
λij =
{
Pi−2 +Qi−2 + (j − 1)(Pi−1 +Qi−1) ((i, j) ∈ Io)
ri−1 − (j − 1)ri ((i, j) ∈ Ie)
µij =
{
ri−1 − (j − 1)ri ((i, j) ∈ Io)
Pi−2 +Qi−2 + (j − 1)(Pi−1 +Qi−1) ((i, j) ∈ Ie)
We define λ¯ij , λˆ
i
j for (i, j) ∈ Io as follows:
λ¯ij = Pi−2 + (j − 1)Pi−1, λˆ
i
j = Qi−2 + (j − 1)Qi−1
We define µ¯ij , µˆ
i
j for (i, j) ∈ Ie as follows:
µ¯ij = Pi−2 + (j − 1)Pi−1, µˆ
i
j = Qi−2 + (j − 1)Qi−1
We write Xo = TNoemb(σ
o) and Xe = TNeemb(σ
e) where
No = Z⋉⋊
1
+ Z⋉⋊
2
, σ⋊ = R≥0⋉
⋊
1
+ R≥0(⋉
⋊
1
+⋗⋉⋊
2
)
N e = Z⋉1 + Z⋉2, σ = R≥0⋉1+ R≥0(a⋉1+⋗⋉2)
6
For (i, j) ∈ Io (resp. ∈ Ie), we denote by Eij the exceptional divisor of
po (resp. pe) which associated to λˆ
i
jn
o
1+λ
i
jn
o
2 ∈ N
o (resp. µˆijn
e
1+µ
i
jn
e
2 ∈
N e). Note that by Lemma 2.1, for ι ∈ Io (resp.Ie), the proper transform
of Cι = (c1z
λι
3 + c2z
µι
1 )/〈α〉 ∈ Xo (resp. Cι = (c1z
λι
2 + c2z
µι
3 )/〈α〉 ∈ Xe)
intersects the exceptional locus transversly at Eι. We define the order
in I as the same way as the normal case.
In the rest of this paper, we treat Xa,d,m and Xa,m simultaneously,
otherwise we specifically state the normal or non-normal case.
3. λ-expansion and µ-expantion
In this section we introduce the notion of λ-expansion and µ-expansion,
which is the key in this paper.
Definition 3.1. Let L = (j1, l2, j3, l4, . . . , jk−1, lk) be a sequence of
non-negative integers which is not (0, 0, . . . , 0). We call L a λ-sequence
if it satisfies the following conditions.
(i) li ≤ qi + 1 if i 6= k, and lk ≤ qk; ji ≤ qi for all odd i, and ji 6= 1
if i 6= 1
(ii) If li0 = qi0 + 1, then there exists odd i1 and i2 which satisfies the
following conditions.
(a) i1 < i0 < i2 ≤ k − 1
(b) li′ = qi′ for all even i
′ such that i1 < i
′ < i2 and i
′ 6= i0; ji′ = 0
for all odd i′ such that i1 ≤ i′ ≤ i2
(c) li1−1 < qi1−1 if i1 ≥ 3 and li2+1 < qi2
(iii) If li0 = qi0 and ji0+1 ≥ 2, then there exists odd i3 which satisfies
the following conditions.
(a) i3 < i0
(b) li′ = qi′ for all even i
′ such that i3 < i
′ ≤ i0; ji′ = 0 for all
odd i′ such that i3 ≤ i′ < i0
(c) li3−1 < qi3−1 if i3 ≥ 3
Definition 3.2. Let M = (l1, j2, l3, j4, . . . , lk−1, jk) be a sequence of
non-negative integers which is not (0, 0, . . . , 0). We callM a µ-sequence
if it satisfies the following conditions.
(i) li ≤ qi + 1 for all odd i; 2 ≤ ji ≤ qi for all even i
(ii) If li0 = qi0 + 1, then there exists even i1 and i2 which satisfies the
following conditions.
(a) 0 ≤ i1 < i0 < i2 ≤ k
(b) li′ = qi′ for all odd i
′ such that i1 < i
′ < i2 and i
′ 6= i0; ji′ = 0
for all even i′ such that i1 ≤ i′ ≤ i2
(c) li1−1 < qi1 if i1 ≥ 2, li2+1 < qi2+1 if i2 ≤ k − 2
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(iii) If li0 = qi0 and ji0+1 ≥ 2, then there exists even i3 which satisfies
the following conditions.
(a) 0 ≤ i3 < i0
(b) li′ = qi′ for all odd i
′ such that i3 < i
′ < i0; ji′ = 0 for all even
i′ such that i3 ≤ i′ < i0
(c) li3−1 < qi3−1 if i3 ≥ 2
We denote by Sλ (resp. Sµ) the set of all λ- (resp. µ-) sequences.
Let L be a λ-sequence and h an integer such that 1 ≤ h ≤ k − 1. We
say that the condition ∗(h) holds for L if the following condions hold.
(i) If h is odd,
λ1j1 +
∑
3≤i≤h
i odd
(li−1λ
i
1 + λ
i
ji
) < Ph +Qh
(ii) If h is even,
λ1ji +
∑
3≤i≤h−1
i odd
(li−1λ
i
1 + λ
i
ji
) + lhλ
h+1
1 < Ph−1 +Qh−1 + Ph +Qh
If lh < qh or jh+1 ≥ 2 also hold,
λ1j1 +
∑
3≤i≤h−1
i odd
(li−1λ
i
1 + λ
i
ji
) + lhλ
h+1
1 < Ph +Qh
Lemma 3.1. ∗(h) holds for all L ∈ Sλ and for all h = 1, 2, . . . , k − 1.
Proof. We use the induction on h. It is clear that ∗(1) holds. Assume
that 2 ≤ h ≤ k − 1 and that ∗(h˜) holds for all h˜ such that h˜ < h.
First we treat that the case where h is odd.
If jh ≥ 2, then by ∗(h),
λ1j1 +
∑
3≤i≤h−2
i odd
(li−1λ
i
1 + λ
i
ji
)lh−1λ
h
1 < Ph−1 +Qh−1
Hence
λ1j1 +
∑
3≤i≤h
i odd
(li−1λ
i
1 + λ
i
ji
) < Ph−1 +Qh−1 + λ
h
jh
= Ph−1 +Qh−1 + jh(Ph−1 +Qh−1)
≤ Ph−2 +Qh−2 + qh(Ph−1 +Qh−1)
= Ph +Qh
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If jh = 0, by ∗(h− 1)
λ1j1 +
∑
3≤i≤h
i odd
(li−1λ
i
1 + λ
i
ji
) = λ1j1 +
∑
3≤i≤h−2
i odd
(li−1λ
i
1 + λ
i
ji
) + lh−1λ
h
1
< Ph−2 +Qh−2 + Ph−1 +Qh−1
≤ Ph +Qh
Next we treat the case where h is even. We divide the proof into
four cases as follows
(1) lh < qh (2) lh = qh, jh = 0 (3) lh = qh, jh ≥ 2 (4) lh = qh + 1
(1) By ∗(h− 1),
λ1j1 +
∑
3≤i≤h−1
i odd
(li−1λ
i
1 + λ
i
ji
) < Ph−1 +Qh−1
Hence
λ1j1 +
∑
3≤i≤h−1
i odd
(li−1λ
i
1 + λ
i
ji
) + lkλ
h+1
1 < Ph−1 +Qh−1 + (qh − 1)(Ph−1 +Qh−1)
< Ph +Qh
(2) By ∗(h− 1),
λ1j1 +
∑
3≤i h−1
i odd
(li−1λ
i
1 + λ
i
ji
) + lhλ
h+1
1 < Ph−1 +Qh−1 + qh(Ph−1 +Qh−1)
< Ph−1 +Qh−1 + Ph +Qh
(3) By (iii) in Definition 3.1, there exists odd h′ such that lh′−1 <
qh′−1 and
(jh′, lh′+1, jh′+2, lh′+3, . . . , jh−1, lh) = (0, qh′+1, 0, qh′+3, . . . , 0, qh)
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Hence by ∗(h′ − 1),
λ1j1 +
∑
3≤i≤h−1
i odd
(li−1λ
i
1 + λ
i
ji
)lhλ
h+1
1
=λ1j1 +
∑
3≤i≤h′−2
i odd
(li−1λ
i
1 + λ
i
ji
) + lh′−1λ
h′
1
+ λh
′
j
h′
+
∑
h′+2≤i≤h−1
i odd
(li−1λ
i
1 + λ
i
ji
) + lhλ
h+1
1
<Ph′−1 +Qh′−1 +
∑
h′+2≤i≤h+1
i odd
qi−1(Pi−2 +Qi−2)
=Ph +Qh
(4) By (ii) in Definition 3.1, there exists odd h′ such that lh′−1 < qh′−1
and
(jh′ , lh′+1, jh′+2, lh′+3, jh′+4, . . . , lh−2, jh−1, lh)
= (0, qh′+1, 0, qh′+3, 0, . . . , qh−2, 0, qh)
Hence by ∗(h′ − 1),
λ1j1 +
∑
3≤i≤h−1
i odd
(li−1λ
i
1 + λ
i
ji
) + lhλ
h+1
1
=λ1j1 +
∑
3≤i≤h′−2
i odd
(li−1λ
i
1 + λ
i
ji
) + lh′−1λ
h′
1
+ λh
′
j
h′
+
∑
h′+2≤i≤h−1
i odd
(li−1λ
i
1 + λ
i
ji
) + lhλ
h+1
1
<Ph′−1 +Qh′−1 +
∑
h′+2≤i≤h−1
i odd
qi−2(Pi−2 +Qi−2)(qh + 1)(Ph−1 +Qh−1)
=Ph−1 +Qh−1 + Ph +Qh
We define the order in Sλ as (j1, l2, . . . , lk) < (j′1, l
′
2, . . . , l
′
k) if and
only if there exists i such that ji < j
′
i or li < l
′
i and that jh = j
′
h,
lh = l
′
h for all h > i.
Let v be a map from Sλ to Z defined by
v(l1, j2, . . . , lk−1, jk) = λ
1
j1
+
∑
3≤i≤k−1
i odd
(li−1λ
i
1 + λ
i
ji
) + lkλ
k+1
1
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Proposition 3.1. The map v is an order isomorphism from Sλ to
{n ∈ Z|1 ≤ ⋉ ≤ ⋗− 1}
Proof. First we show that L < L′ implies v(L) < v(L′). Let L =
(j1, l2, . . . , jk−1, lk) and L
′ = (j′1, l
′
2, . . . , j
′
k−1, l
′
k) be λ-sequences such
that L < L′. Put
i0 = max{i|l˜i = l
′
i˜
and j˜i = j
′
i˜
for all i˜ > i}
If i0 is odd,
v(L′)− v(L) ≥ λi0
j′
i0
− λi0ji0 − {λ
1
j1
+
∑
3≤i≤i0−2
i odd
(li−1λ
i
1 + λ
i
ji
) + li0−1λ
i0
1 }
Note that
λi0
j′
i0
− λi0ji0 ≥
{
Pi0−1 +Qi0−1 (if ji0 ≥ 2)
Pi0−2 +Qi0−2 + Pi0−1 +Qi0−1 (if ji0 = 0)
Hence by ∗(i0 − 1), v(L′)− v(L) > 0
If i0 is even,
v(L′)− v(L) ≥ (l′i0 − li0)λ
i0+1
1 − {λ
1
j1
+
∑
3≤i≤i0−1
i odd
(li−1λ
i
1 + λ
i
ji
)}
≥ Pi0−1 +Qi0−1 − {λ
1
j1
+
∑
3≤i≤i0−1
i odd
(li−1λ
i
1 + λ
i
ji
)}
Hence by ∗(i0 − 1), v(L′)− v(L) > 0. Thus we have done.
Note that maxSλ = (′,∐∈, ′,∐△, ′, . . . ,∐‖−∈, ′,∐‖). Thus v is an order-
preserving injection into {n ∈ Z|1 ≤ ⋉ ≤ ⋗− 1}. Hence the rest we
must prove is that it is a injection into {n ∈ Z|1 ≤ ⋉ ≤ ⋗−1}. Note
that 1 = λ11 < λ
1
2 < · · · < λ
1
q1
< λ31 < λ
3
2 < . . . . Thus it is sufficient to
show that Im(v) ⊇ {n|1 ≤ n < λh1} implies Im(v) ⊇ {n|1 ≤ n < λ
h+2
1 }.
Let n be an integer such that λh1 ≤ n < λ
h+2
1 . We divide the proof into
two cases.
(I) λh1 ≤ n < λ
h
2 or qh = 1 (II) λ
h
2 ≤ n < λ
h+2
1
(I) Write n = lh−1λ
h
1 + n
′ such that 0 ≤ n′ < λh1 . It is clear that
lh−1 ≤ qh−1 + 1. By the induction hypothesis, there exists L′ =
(j1, l2, . . . , lh−3, jh−2, 0, . . . , 0) such that v(L
′) = n′. Put L = (j1, l2, . . . , lh−3, jh−2, lh−1, 0, . . . , 0).
Assume that L is not a λ-sequence. Then by the definition of λ-
sequence, we get lh−1 = qh−1 + 1 and there exists h
′ such that
(lh′, jh′+1, lh′+2, jh′+3, lh′+4, jh′+5, . . . , lh−3, jh−2, lh−1)
= (qh′ + 1, 0, qh′+2, 0, qh′+4, 0, . . . , qh−3, 0, qh−1 + 1)
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or
(jh′ , lh′+1, jh′+2, lh′+3, jh′+4, . . . , lh−3, jh−2, lh−1)
= (jh′ , qh′+1, 0, qh′+3, 0, . . . , qh−3, 0, qh−1 + 1)
and jh′ > 0. In the both cases it is easily checked
n ≥
{
λh2 (if qh ≥ 2)
λh+21 (if qh = 1)
and this is a contradiction. Thus L is a λ-sequence, so we have done.
(II) Put jh = max{j|j ≥ 2, λhj ≤ n}. Clearly jh ≤ qh. Since n− λ
h
jh
<
qh, there exists L
′ = (j1, l2, . . . , jh−2, lh−1, 0, . . . , 0) such that v(L
′) =
n−λhjh by the induction hypothesis and (I). Put L = (j1, l2, . . . , jh−2, lh−1, jh, 0, . . . , 0)
We can check L ∈ Sλ by the definition of λ-sequence.
When we write n = λ1j1 +
∑
3≤i≤k−1
i odd
(li−1λ
i
1 + λ
i
ji
) + lkλ
k+1
1 where
(j1, l2, . . . , lk−1, jk) is a λ-sequence, we call this expression a λ-expansion
of n. By the above proposition, n = 1, 2, . . . , m − 1 has unique λ- ex-
pansion. Note that the proof of Proposition 3.1 shows how to calculate
λ-expansion of actual number.
When we write n =
∑
2≤i≤k
i even
(li−1µ
i
1 + µ
i
ji
) where (l1, j2, . . . , lk−1, jk),
we call this expression a µ-expansion of n. Similarly to λ-expansion,
we can prove that n = 1, 2, . . . , m− 1 has unique µ-expansion.
4. General n-canonical divisors
Let (Y, y) be a 2-dimensional rational singularity, and p : Y˜ → Y be
the minimal desingularization. Let M be a reflexive module of rank 1
on Y , F (M) the full sheaf associated to M . (For the definition of full
sheaf, see [ESN]. ) In this situation,
Definition 4.1. Let D be a member of |M |. We call D a general
member of |M | if D˜ is a member of |F (M)| and intersects the exeptional
locus transversely.
Note that general members always exist since the full sheaf is gen-
erated by global sections. Let E = ∪iEi be the exeptional locus, and
write p∗D = D˜ +
∑
i α(D)iEi.
Lemma 4.1. Let D be a member of |M | such that D˜ and E intersects
transeversely. Then D is a general member if and only if the inequality
α(D)i ≤ α(D′)i holds for all D′ ∈ |M | and all Ei.
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Proof. Suppose that D is a general member of |M | and D′ is a member
of |M |. The sequence
H0E(Y˜ ,OY˜
(D˜))→H′(Y˜ ,O
Y˜
(D˜))→ H′(Y˜ \E ,O
Y˜
(D˜))→ H∞E (Y˜ ,OY˜
(D˜))
is exact. SinceO
X˜
(D˜) is a full sheaf,H0E(Y˜ ,OY˜
(D˜)) = H∞E (Y˜ ,OY˜
(D˜)) =
′. Hence H0(Y˜ ,OY˜(D˜)) ≃ H
′(Y ,OY(D)). Thus D is linearly equiva-
lent to D′+(effective divisor). Hence the inequality holds since D˜ and
D˜
′
+
∑
{α(D′)i−α(D)i}Ei are linearly equivalent. Thus we have proved
only if part. Next suppose that D is a member of |M | such that D˜ and
E intersect transeversely and α(D)i ≤ α(D′)i for all D′ ∈ |M |. Let D0
be a general member of |M |. By the assumption of D, α(D)i ≤ α(D0)i.
By the fact that we have already showed, α(D)i ≥ α(D0)i. Hence
α(D)i = α(D0)i. Thus D and D0 are numerically equivalent, hence
they are lenearly equivalent since Y is a rational singularity. Hence
O
Y˜
(D˜) is a full sheaf.
Corollary 4.1. Let M and M ′ be reflexive modules of rank 1 on Y .
Let D0(resp.D
′
0) be a general member of |M |(resp.|M
′|). Then
D0 ·D
′
0 = min{D ·D
′|D ∈ |M |, D′ ∈ |M ′|}
Proof. Let D(resp.D′) be a member of |M |(resp.|M ′|).
D ·D′ = (p∗D) · D˜
′
= (D˜ +
∑
α(D)iEi) · D˜
′
≥
∑
α(D)i(Ei · D˜
′
)
≥
∑
α(D0)i(Ei · D˜
′
)
= (D˜0 +
∑
α(D0)iEi) · D˜
′
= p∗D0 · D˜0 = D0 ·D
′
Similarly we can show D0 ·D′ ≥ D0 ·D′0.
In the rest of this section we shall calculate the general element of
the n-canonical system of semi-log-terminal singularities. We denote
by L (resp. L≀ resp. L⌉) the set of all functions from I (resp. Io resp.
Ie) to Z.
First we treat singularities of class T. We begin by purely arith-
metical lemmas. Let a, d, m and n be positive integers such that
m
2
< a < m, (a,m) = 1 and n < m. Let
a
m− a
= [q1, q2, . . . , qk] be
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the expantion into continued fraction, ri be the i-th remainder of the
Euclidean algorithm, and
Pi
Qi
be the i-th convergent.
Lemma 4.2. Let {ti}i=1,2,...,k be a sequence of non-negative integers
such that ti ≤ qi for i ≤ k − 1 and tk ≤ qk − 1. Assume that ti0 be
positive. Then
(i) If i0 is even,
−ri0−1 <
∑
i0≤i≤k
(−1)i−1tiri < 0
(ii) If i0 is odd,
0 <
∑
i0≤i≤k
(−1)i−1tiri < ri0−1
Proof. We use the induction on k − i0. If i0 = k, it is clear that
the inequalities hold. Assume that i0 < k and that the inequalities
hold for all i′0 such that i0 < i
′
0 ≤ k. Let i0 be even. First we show∑
i0≤i≤k
(−1)i−1tiri < 0. If ti′ = 0 for all i′ such that i′ > i0 and i′ is
odd, ∑
i0≤i≤k
(−1)i−1tiri ≤ −ti0ri0 < 0
Thus we assume that there exists i′ such that i′ > i0, i
′ is odd, and
ti′ > 0. Let i
′
0 be the minimum of such i
′. By the induction hypothesis,∑
i′
0
≤i≤k
(−1)i−1tiri < ri′
0
− 1
Thus ∑
i′
0
≤i≤k
(−1)i−1tiri ≤ −ti0ri0 +
∑
i′
0
≤i≤k
(−1)i−1tiri
< −ti0ri0 + ri′0−1
= 0
Next we show
∑
i0≤i≤k
(−1)i−1tiri > −ri0−1. If ti′ = 0 for all i
′ such
that i′ > i0 and i
′ is even,∑
i0≤i≤k
(−1)i−1tiri ≥ −ti0ri0 ≥ −qi0ri0 > −ri0−1
Thus we assume that there exists i′ such that i′ > i0, i
′ is even, and
ti′ > 0. By the induction hypothesis,∑
i′
0
≤i≤k
(−1)i−1tiri > −ri′
0
−1
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Thus ∑
i0≤i≤k
(−1)i−1tiri ≥ −ti0 +
∑
i0≤i≤k
(−1)i−1tiri
> −ti0 − ri′0−1
≥ −qi0ri0 − ri0+1
= −ri0−1
The proof is similar for odd i0.
Definition 4.2. Let (t1, t2, . . . , tk) be a sequence of non-negative inte-
gers which is not (0, 0, . . . , 0). We call this a τ -sequence if it satisfies
the following conditions.
(i) ti ≤ qi if i 6= k and tk < qk.
(ii) If ti0−1 > 0 and ti0 = qi0 for some i0 such that 1 < i0 < k, then
ti0+1 = qi0+1. If tk−2 > 0 and tk−1 = qk−1, then tk = qk − 1.
Lemma 4.3. Let (0, 0, . . . , 0, ti0, ti0+1, . . . , tk) be a τ -sequence such that
i0 is odd and ti0 > 0. Then
(i) If k is even,∑
i0≤i≤k
(−1)i−1tiri = 1⇔ i0 = k − 1, tk−1 = 1, tk = qk − 1
(ii) If k is odd, ∑
i0≤i≤k
(−1)i−1tiri = 1⇔ i0 = k, tk = 1
Proof. It can be easily checked and we left it for the reader.
Lemma 4.4. For any integer t such that 0 < t < m − 2, there exists
a τ -sequence (t1, t2, . . . , tk) such that t =
∑
1≤i≤k ti(Pi−1 +Qi−1).
(We call this expression of t the τ -expansion of t.)
Proof. (Step 1) We can write t =
∑
1≤i≤k ti(Pi−1 + Qi−1) where 0 ≤
ti ≤ qi for i < k and 0 ≤ tk < qk.
(proof) We use the induction on t. By the induction hypothesis, we
can write t − 1 =
∑
1≤i≤k ti(Pi−1 + Qi−1), where 0 ≤ ti ≤ qi for i < k
and 0 ≤ tk < qk. If t1 < q1, we have done. Assume t1 = q1. Note that∑
1≤i≤k−1 qi(Pi−1+Qi−1)+(qk−1)(Pk−1+Qk−1) = m−2. Hence there
exists i0 such that i0 < k, ti = qi for all i ≤ i0, and ti0+1 < qi0+1 (if
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i0 < k − 1); tk ≤ qk − 2 (if i0 = k − 1). Thus
t =


∑
1≤i≤i0
i even
qi(Pi−1 +Qi−1) + (ti0+1 + 1)(Pi0 +Qi0)+
∑
i0+2≤i≤k
ti(Pi−1 +Qi−1)
(if i0 is odd)∑
1≤i≤i0
i odd
qi(Pi−1 +Qi−1) + (ti0+1 + 1)(Pi0 +Qi0)+
∑
i0+2≤i≤k
ti(Pi−1 +Qi−1)
(if i0 is even)
(Step 2) We write t =
∑
1≤i≤k t
(1)
i (Pi−1 + Qi−1) as in (Step 1). If
there exists i0 such that ti0−1 > 0, ti0 = qi0 , and ti0+1 < qi0+1 (if
i0 < k − 1); ti0 ≤ qi0+1 − 2 (if i0 = k − 1), we transform (t
(1)
1 , . . . , t
(1)
k )
to (t
(2)
1 , . . . , t
(2)
k ) = (t1, . . . , ti0−2, ti0−1 − 1, 0, ti0+1 + 1, ti0+2, . . . , tk). We
repeat this operation. Since
∑
1≤i≤k t
(j)
i strictly decrease by this oper-
ation, we can get a τ -sequence after finitely many operations.
Remark. We can prove that the τ -expansion is unique.
Put T , v and Tmin as follows
T = {(s, t) ∈ Z≥0× Z≥0|∼+ {⋗(⋗− a)− 1}≈ ≡ ⋗(⋗− a)⋉ (⋗⋊ ⋗
2)}
v = min{s+ t|(s, t) ∈ T }
Tmin = {(s, t) ∈ T |∫ + ⊔ = ⊑}
Proposition 4.1. (i) If d = 1 and k is even, then{
Tmin = {(\, \)} (n < m− (Pk−1 +Qk−1))
Tmin = {(\+ P‖−∞ +Q‖−∞, \ − m+ P‖−∞ +Q‖−∞)} (n ≥ m− (Pk−1 +Qk−1))
(ii) If d = 1 and k is odd, then{
Tmin = {(\, \)} (n < m− (Pk−1 +Qk−1))
Tmin = {(\ − m+ P‖−∞ +Q‖−∞, \+ P‖−∞ +Q‖−∞)} (n ≥ m− (Pk−1 +Qk−1))
(iii) If d ≥ 2, then Tmin = {(\, \)}
Proof. For a positive integer t, put
st = min{s|(s, t) ∈ T }
Since (n, n) ∈ T , we get v ≤ 2n, thus
v = min{st + t|0 ≤ t ≤ 2n}
Tmin = {(∫⊔,⊔)|′ ≤ ⊔ ≤ ∈\, ∫⊔ + ⊔ = ⊑}
Hence we estimate st for t such that 0 ≤ t ≤ 2n. It is clear that
sn = n.
(Claim I) Assume t < n. Then
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(i) If k is even, d = 1, n ≥ m − (Pk−1 + Qk−1) and t = n − m +
(Pk−1 +Qk−1), then st = n+ Pk−1 +Qk−1
(ii) Otherwise st + t > 2n
(Proof of Claim I) It is clear that s0 = dma > 2n, thus we assume t > 0.
Put t′ = n− t. Let t′ =
∑
1≤i≤k ti(Pi−1+Qi−1) be the τ -expansion of t
′.
Put i0 = min{i|ti > 0} First let i0 be even. We must prove st+ t > 0 in
this case since i0 = 1 when k is even and t = n−m+Pk−1+Qk−1. Let
(s, t) be an element in L. We can write s = n+ {dm(m− a)− 1}t′− s′
in which s′ is an integer. Note that (m − a)t′ − m
∑
1≤i≤k tiQi−1 =∑
1≤i≤k(−1)
i−1tiri. Assume s
′ ≥
∑
1≤i≤k tiQi. Then by Lemma 4.2,
s ≤ n− t′ + dm{(m− a)t′ −m
∑
1≤i≤k
tiQi−1}
= n− t′ + dm
∑
1≤i≤k
(−1)i−1tiri
≤ n− t′ − dm
< 0
This is a contradiction. Thus s′ ≤
∑
1≤i≤k tiQi−1 − 1.
Next put s′ =
∑
1≤i≤k tiQi−1 − 1. Then by Lemma 4.2,
s = n− t′ + dm
∑
1≤i≤k
(−1)i−1tiri + dm
2
> n− t′ + dma
> 2n
Hence s′t =
∑
1≤i≤k tiQi−1 + 1 and st > 2n. Thus we have done for
even i0.
Secondly let i0 be odd. Assume that s
′ ≥
∑
1≤i≤k tiQi−1 + 1. Then
by Lemma 4.2,
s ≤ n− t′ + dm
∑
1≤i≤k
(−1)i−1tiri − dm
2
< n− t′ + dma− dm2
< 0
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This is a contradiction, thus s′ ≤
∑
1≤i≤k tiQi−1 + 1. Next assume
s′ =
∑
1≤i≤k tiQi−1. Then by Lemma 4.2,
s = n− t′ + dm
∑
1≤i≤k
(−1)i−1tiri ≥ n− t
′ + dm > 0
Hence
st = n− t
′ + dm
∑
1≤i≤k
tiri
and
st + t = 2t+ dm
∑
1≤i≤k
(−1)i−1tiri
If d
∑
1≤i≤k(−1)
i−1tiri ≥ 2, then st+t = 2m > 2n. If d
∑
1≤i≤k(−1)
i−1tiri =
1, by Lemma 4.3,
(a) d = 1, k is even, and t′ = m− (Pk−1 +Qk−1).
or (b) d = 1, k is odd, and t′ = Pk−1 +Qk−1.
In the case (b),
st + t = 2n− 2(Pk−1 +Qk−1) +m > 2n
In the case (a),
t = n−m+ Pk−1 +Qk−1, st = n + Pk−1 +Qk−1
Thus we have done.
(Claim II) Assume t > n. Then
(i) If k is odd, d = 1, n ≥ m−(Pk−1+Qk−1), and t = n+Pk−1+Qk−1,
then st = n−m+ Pk−1 +Qk−1
(ii) Otherwise st + t > 2n
(Proof of Claim II) Put t′ = t− n. If t′ = m− 1, then n = m− 1 and
t = 2m− 2. It is easy to see
s2m−2 = dm(m− a) +m− 1 > 2n
Thus we assume t′ ≤ m − 2. Let t′ =
∑
1≤i≤k ti(Pi−1 + Qi−1) be the
τ -expansion of t′, and put i0 = min{i|ti > 0}. Write s = n−{dm(m−
a)− 1}t′ + dm2s′ for (s, t) ∈ T .
For the case such that i0 is even, we can get
st = n+ t
′ − dm
∑
1≤i≤k
(−1)i−1tiri > 2n
by the similar way using Lemma 4.2. If t = Pk−1 +Qk−1, then i0 = k,
thus we have done for this case.
Assume that i0 is odd, and let (s, t) ∈ T . If s
′ ≤
∑
1≤i≤k tiQi−1 − 1,
we can get s < 0 by Lemma 4.2. Put s′ =
∑
1≤i≤k tiQi−1. Then we
get s = n+ t′− dm
∑
1≤i≤k(−1)
i−1tiri If d
∑
1≤i≤k(−1)
i−1tiri ≥ 2, then
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st = n + t
′ − dm
∑
1≤i≤k(−1)
i−1tiri + dm
2, hence st + t > 2n.
If d
∑
1≤i≤k(−1)
i−1tiri = 1, by Lemma 4.2
(a) d = 1, k is even, t′ = m− (Pk−1 +Qk−1)
or (b) d = 1, k is odd, t′ = Pk−1 +Qk−1
In the case (a), n + t′ − dm
∑
1≤i≤k(−1)
i−1tiri = n− (Pk−1 +Qk−1)
If n < Pk−1 +Qk−1, then s
′
t ≥
∑
1≤i≤k tiQi−1 + 1, thus st + t > 2n.
If n ≥ Pk−1 +Qk−1, then st = n− (Pk−1 +Qk−1),
thus st + t = 2n +m− 2(Pk−1 +Qk−1) > 2n.
In the case (b),
n + t′ − dm
∑
1≤i≤k
(−1)i−1tiri = n + Pk−1 +Qk−1 −m
If n < m−(Pk−1+Qk−1), then st = n+t′−dm
∑
1≤i≤k(−1)
i−1tiri+dm
2,
thus st + t > 2n.
If n ≥ m− (Pk−1 +Qk−1), then st = n−m+ Pk−1 +Qk−1.
Thus we have done.
Summarizing (I) and (II), we have proved the proposition.
We define δι ∈ L by διη = 0 for η 6= ι and δ
ι
ι = 1. And for ν ∈ L, we
define α(ν) ∈ L ⊗Q by α(ν)η =
∑
ι∈I α
ι
ηνι.
Definition 4.3. Let n be an integer such that 1 ≤ n ≤ m− 1. Let
n = λ1j1 +
∑
3≤i≤k−1
i odd
(li−1λ
i
1 + λ
i
ji
) + lkλ
k+1
1 =
∑
2≤i≤k
i even
(li−1µ
i
1 + µ
i
ji
)
be the λ- and µ- expansion of n. We define ν(n)o ∈ Io, ν(n)e ∈ Ie,
ν(n) ∈ I as follows:
ν(n)o =δ1,j1 +
∑
3≤i≤k−1
i odd
(li−1δ
i,1 + δi,ji) + lkδ
k+1,1
ν(n)e =
∑
2≤i≤k
i even
(li−1δ
i,1 + δi,ji)
ν(n) =ν(n)o + ν(n)e
Theorem 4.1. Let n be an integer such that 1 ≤ n ≤ m− 1. Then
degEι F (−nKX) = ν(n)ι for all ι ∈ I
Proof. Let ν ′(n) be an element of L such that ν ′(n)ι = degEι F (−KX).
Put d′ = ⌈
d
2
⌉. Put I ′o and I
′
e as follows
I ′o = {(i, j) ∈ I|i is odd and j ≤ d
′ if i = k + 1}
I ′e = I r I
′
o
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For ν ∈ L, define s(ν) and t(ν) as follows
s(ν) =
∑
ι∈I′o
νιλι, t(ν) =
∑
ι∈I′e
νιµι
Let L(\) be the set of elements of L satisfying the following condi-
tions
(i) νι ≥ 0 for all ι ∈ I
(ii) s(ν) + {dm(m− a)− 1}t(ν) ≡ dm(m− a)n (mod dm2)
By Lemma 4.1, it is clear that ν ′(n) is an element of L(\) which is
characterized by the inequalities α(ν ′(n))η = α(ν)η for all ν ∈ L and
for all η ∈ I. First we show
s(ν ′(n)) = s(ν(n)), t(ν ′(n)) = t(ν(n))
For ν ∈ L,
dm2α(ν)k+1d′ =µ
k+1
d′
∑
ι∈I′o
νιλι + λ
k+1
d′
∑
ι∈I′e
νιµι
={(d− d′ + 1)m− (Pk−1 +Qk−1)}(s(ν) + t(ν))
− {(d− 2d′ + 2)m− 2(Pk−1 +Qk−1)}t(ν)
= : α(s(ν) + t(ν))− βt(ν)
If d ≥ 2,
dm2α(ν)k+1d′+1 ={(d− d
′)m− (Pk−1 +Qk−1)}(s(ν) + t(ν))
+ {(2d′ − d)m+ 2(Pk−1 +Qk−1)}t(ν)
= : γ(s(ν) + t(ν)) + δt(ν)
Note that α, β, γ, and δ are all positive. Thus by the Proposition
4.1 we have done for this case.
If d = 1,
dm2α(ν)kqk−1 = {m−2(Pk−1+Qk−1)}(s(ν)+ t(ν))+4(Pk−1+Qk−1)t(ν)
Thus we can use the same arguement as above.
Next we show ν(n)η = ν
′(n)η for η ∈ Io by induction. Let η be an
element of Io which is not (1, 1). Assume ν(n)ι = ν
′(n)ι for all ι ∈ Io
such that ι > η. For ν ∈ L,
dm2α(ν)ηl =− dm
2νη + (s(ν)−
∑
ι>η
νιλι)µηl
+ (t(ν) +
∑
ι>η
νιµι)ληl
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Thus
ν ′(n)η ≥ ν(n)η
Note that ∑
ι∈I′o,ι≤η
ν ′(n)ιλι =
∑
ι∈I′o,ι≤η
ν(n)ιλι
Thus by the property of the λ-expansion, we get ν ′(n)η = ν(n)η.
The same arguement shows ν(n)η = ν
′(n)η for all η ∈ Ie.
Corollary 4.2. Let n be an integer such that 1 ≤ n ≤ m− 1. Let
n = λ1j1 +
∑
3≤i≤k−1
i odd
(li−1λ
i
1 + λ
i
ji
) + lkλ
k+1
1 =
∑
2≤i≤k
i even
(li−1µ
i
1 + µ
i
ji
)
be the λ- and µ- expansion.
Then
C1j1 +
∑
3≤i≤k−1
i odd
(
∑
1≤hi−1≤li−1
C i1,hi−1 + C
i
ji
) +
∑
1≤hk≤lk
Ck+11,hk
+
∑
2≤i≤k
i even
(
∑
1≤hi−1≤li−1
C i1,hi−1 + C
i
ji
)
is a general member of | − nKX |.
Next we treat the non-normal case. It is easier than the normal case.
Theorem 4.2. Let n be an integer such that 1 ≤ n ≤ m− 1. Then
degEι F (−n(KXo +∆o)) = νo(n)ι for all ι ∈ Io
degEι F (−n(KXe +∆e)) = νe(n)ι for all ι ∈ Ie
Proof. We only show the first equality since the proof is similar for
the second one. Let ν ′o(n) be an element of L≀ such that ν
′
o(n)ι =
degEι F (−n(KXo +△o)) for ι ∈ Io. Put σ(ν) =
∑
ι∈Io
νιλι for ν ∈ L≀,
and put
L≀(\) = {ν ∈ L≀|ν is nef, σ(ν) ≡ \ (mod m)}
By Lemma 4.1, ν ′o(n) is an element of L≀(\) which is characterized by
α(ν ′o(n))η ≤ α(ν)η for all ν ∈ L≀ and for all η ∈ Io. Since mα(ν)
k+1
1 =
σ(ν) and σ(νo(n)) = n, we get σ(ν
′
o(n)) = σ(νo(n)). Thus we can prove
the theorem by the induction using the formula
mα(ν)ηl = −mνη + µηl(σ(ν)−
∑
ι∈Io,ι>η
νιλι) + ληl
∑
ι∈Io,ι>η
νιλι
similarly to the proof of Theorem 4.1.
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5. Local intersection number
As the application of the result of Section 4, we shall prove the
following Thorem 5.1 in this section.
Definition 5.1. For a sequence of positive integers (L1, L2, . . . , LJ)
and a positive integer N , we define the sequence (N−1, N0, N1, . . . , NJ)
by
N−1 = N0 = N, Nj = LjNj−1 +Nj−2 (1 ≤ j ≤ J)
We define B((L1, L2, . . . , LJ), N) by B((L1, L2, . . . , LJ), N) = NJ .
For a pair of positive integers (M,N), we define B(M,N) by
B(M,N) = max{B((L1, L2, . . . , LJ), N)|
∑
1≤j≤J
Lj =M}
Theorem 5.1. Let (X, x) be a 2-dimensional smoothable semi-log-terminal
singularity, and n a positive integer. Let D and D′ be members in
|nKX | which do not have common components. Then
index(X, x) ≤ B(D ·D′ + 1, n)
We define Z-valued symmetric bilinear forms O and E on L by
O(δι, δη) =


λιλ¯η (ι, η ∈ Io, ι < η)
λ¯ιλη (ι, η ∈ Io, ι ≥ η)
0 (otherwise)
E(δι, δη) =


µιµ¯η (ι, η ∈ I¯e, ι < η)
µ¯ιµη (ι, η ∈ I¯e, ι ≥ η)
0 (otherwise)
where I¯e = Ie ∪ {(k + 1, d)} in the normal case, and I¯e = Ie in the
non-normal case.
Lemma 5.1. Let ν = νo+ νe and ν˜ = ν˜o+ ν˜e be members in L. Then
in the normal case,
dm2(ν · ν˜) =(dma− 1)σ(νo)σ(ν˜o) + σ(νo)τ(ν˜e) + τ(νe)σ(ν˜o)− (dma+ 1)τ(νe)τ(ν˜e)
+ dm2(E(ν⌉, ν˜⌉)−O(ν≀, ν˜ ≀))
and in the non-normal case,
m(ν · ν˜) = a(σ(νo)σ(ν˜o)− τ(νe)τ(ν˜e)) +m(E(ν⌉, ν˜⌉)−O(ν ≀, ν˜≀))
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Proof. First, we treat the normal case. We shall calculate the each
term of the left hand side of
ν · ν˜ = νo · ν˜o + νo · ν˜e + νe · ν˜o + νe · ν˜e
We can easily get dm2νo · ν˜e = σ(νo)τ(ν˜e) and dm2νe · ν˜o = τ(νe)σ(ν˜o).
By the formula µι = −λι + dmρι,
dm2νo · ν˜e =
∑
ι∈Io
νoι {λι
∑
η∈Io,η≥ι
ν˜oηµη + µι
∑
η∈Io,η<ι
ν˜oηλη}
=
∑
ι∈Io
νoι [−λισ(ν˜
o) + dm{ρι
∑
η∈Io,η<ι
ν˜oηλη + λι
∑
η∈Io,η≥ι
ν˜oηρη}]
= −σ(νo)σ(ν˜o) + dm
∑
ι∈Io
νoι {ρι
∑
η∈Io,η<ι
ν˜oηλη + λι
∑
η∈Io,η≥ι
ν˜oηρη}
By the formula ρι = −mλ¯ι + aλι, we can get
ρι
∑
η∈Io,η<ι
ν˜oηλη + λι
∑
η∈Io,η≥ι
ν˜oηρη
=aλι · σ(ν˜
o)−m(λ¯ι
∑
η∈Io,η<ι
ν˜oηλη + λι
∑
η∈Io,η≥ι
ν˜oη λ¯η
Hence we get
dm2νo · ν˜o = (dma− 1)σ(νo)σ(ν˜o)− dm2O(ν ≀, ν˜≀)
Simarlarly we get
dm2νe · ν˜e = −(dma + 1)τ(νe)τ(ν˜e) + dm2E(ν⌉, ν˜⌉)
Summarizing all the above formulas, we get the first equality.
Next for the non-normal case, we can get mν · ν˜ = aσ(ν)σ(ν˜) −
mO(ν, ν˜) for ν, ν˜ ∈ L≀, mν · ν˜ = −aτ(ν)τ(ν˜) +mE(ν, ν˜) for ν, ν˜ ∈ L⌉.
We leave the details for the reader.
Note that ν · ν˜ = E(ν⌉, ν˜⌉)− O(ν ≀, ν˜ ≀) if σ(νo) = τ(νe) and σ(ν˜o) =
τ(ν˜o) hold.
Corollary 5.1. If νo ≤ ν˜o, νe ≤ ν˜e, σ(νo) = τ(νe), σ(ν˜o) = τ(ν˜e) and
σ¯(ν˜o) = τ¯ (ν˜e) hold, then ν · ν˜ = 0.
Proof. This can be easily checked by the above lemma.
Definition 5.2. For ι = (i, j) ∈ I such that i 6= k + 1, put
ϕ(ι) = −δi,1 + δi,j + (j − 1)δi+1,j
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Lemma 5.2.
σ(ϕ(ι)o) = τ(ϕ(ι)e) = (j − 1)(Pi−1 +Qi−1)
σ¯(ϕ(ι)o) = τ¯(ϕ(ι)e) = (j − 1)Pi−1
ϕ(ι)2 = j − 1
Proof. We can get the first and the second formula by direct calculation.
By the formula Pi−2Qi−1 −Qi−2Pi−1 = (−1)i, we get
E(ϕ(ι)⌉, ϕ(ι)⌉) = (| −∞)∈P〉−∞(P〉−∞ +Q〉−∞)
and
O(ϕ(ι)≀, ϕ(ι)≀) = (| −∞)∈P〉−∞(P〉−∞ +Q〉−∞)− |+∞
Thus by the above corollary, we can get the third formula.
Definition 5.3. Let ι = (i1, j1), η = (i2, j2) be elements in I such that
i2 6= k + 1, the parity of i1 coincides the one of i2 and ι ≤ (i2, 1). For
such pair (ι, η), we define ψ(ι, η) as follows
ψ(ι, η) =


−δι
l
+ δι+
∑
ι≤(i,1)≤η
i odd,i 6=1
qi−1δ
i,1 − δi2,1 + δη + j2δ
i2+1,1 (ι ∈ Io)
−δι
r
+ δι+
∑
ι≤(i,1)≤η
i even
qi−1δ
i,1 − δi2,1 + δη + j2δi2+1,1 (ι ∈ Ie)
Lemma 5.3. Let (ι, η = (i′′, 1)) be the pair for which ψ can be defined.
Then
σ(ψ(ι, η)o) = τ(ψ(ι, η)e) = Pi′′+1 +Qi′′+1
σ¯(ψ(ι, η)o) = Pi′′+1, τ¯(ψ(ι, η)
e) =
{
Pi′′−1 (ι 6= (2, 1))
Pi′′−1 + 1 (ι = (2, 1))
ψ(ι, η)2 =


1 +
∑
i′+1≤i≤i′′−1
i even
qi (ι ∈ Io)
1 +
∑
i′+1≤i≤i′′−1
i odd
qi (ι ∈ Ie)
Proof. Since the calculation is the same, we show the outline of it for
the case ι ∈ Io. We can easily calculate σ, τ , σ¯, and τ¯ . Hence
ψ(ι, η)2 = E(ψ(ι, η)⌉, ψ(ι, η)⌉)−O(ψ(ι, η)≀, (ψ(ι, η)≀)
By the definion,
E(ψ(ι, η)⌉, ψ(ι, η)⌉) = P〉′′−∞(P〉′′−∞ +Q〉′′−∞)
To calculate O(ψ(ι, η)≀, ψ(ι, η)≀), note that
−λιl + λι +
∑
i′+2≤i≤h
i odd
qi−1λ
i
1 = Ph−1 +Qh−1
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and ∑
h+2≤i≤i′′
i odd
qi−1λ¯
i
1 = Pi′′−1 − Ph−1
for odd h such that i′ + 2 ≤ h ≤ i′′. Then
O(ψ(ι, η)≀, ψ(ι, η)≀) =− λιlσ¯(ψ(ι, η)
o) + (−λιl + λι)λ¯ι
+ λ(
∑
i′+2≤i≤i′′
i odd
qi−1λ¯
i
1)
+
∑
i′+2≤h≤i′′
h odd
qh−1{λ¯
h
1(Ph−1 +Qh−1) + λ(Pi′′−1 − Ph−1)}
Here
− λιlσ¯(ψ(ι, η)
o) + (−λιl + λι)λ¯ι + λι(
∑
i′+2≤i≤i′′
i odd
qi−1λ¯
i
1)
=(−λι + Pi′−1 +Qi′−1)Pi′′−1 + (Pi′−1 +Qi′−1)λ¯ι + λι(Pi′′−1 − Pi′−1)
=(Pi′−1 +Qi′−1)Pi′′−1 + (Pi′−1 +Qi′−1)λ¯ι + λιPi−1
=(Pi′−1 +Qi′−1)Pi′′−1 +Qi′−1Pi′−2 − Pi′−1Qi′−2
=(Pi′−1 +Qi′−1)Pi′′−1 − 1
and
λ¯h1(Ph−1 +Qh−1) + λ
h
1(Pi′−1 − Ph−1)
=(Ph−2 +Qh−2)Pi′′−1 − 1
Hence
O(ψ(ι, η)≀, ψ(ι, η)≀)
=(Pi′−1 +Qi′−1)Pi′′−1 − 1 +
∑
i′+2≤h≤i′′
h odd
qh−1{(Ph−2 +Qh−2)Pi′′−1 − 1}
=− 1−
∑
i′+2≤h≤i′′
h odd
qh−1 + Pi′′{(Pi′+1 +Qi′−1) +
∑
i′+2≤h≤i′′
h odd
qh−1(Ph−2 +Qh−2)}
=− 1−
∑
i′+1≤i≤i′′−1
i even
qi + Pi′′−1(Pi′′−1 +Qi′′−1)
Thus we have done.
Corollary 5.2. Let (ι, η) be a pair for which ψ can be defined. Then
σ(ψ(ι, η)o) = τ(ψ(ι, η)e) = j′′(Pi′′−1 +Qi′′−1)
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σ¯(ψ(ι, η)o) = j′′Pi′′−1, τ¯(ψ(ι, η)
e) =
{
j′′Pi′′−1 (ι 6= (2, 1))
j′′Pi′′−1 + 1 (ι = (2, 1))
ψ(ι, η) =


j′′ +
∑
i′+1≤i≤i′′−1
i even
qi (if ι ∈ Io)
j′′ +
∑
i′+1≤i≤i′′−1
i odd
qi (if ι ∈ Ie)
Proof. Note that ψ(ι, η) = ψ(ι, (i′′, 1)) + ϕ(η). Hence
σ(ψ(ι, η)o) = σ(ψ(ι, η)o) + σ(ϕ(η)o) = j′′(Pi′′−1 +Qi′′−1)
τ , σ¯ and τ¯ are simarlarly calculated. By Corollary 5.1, ψ(ι, (i′′, 1)) ·
ϕ(η) = 0. Hence
ψ(ι, η)2 = ψ(ι, (i′′, 1))2 + ϕ(η)2
Thus the formula follows from Lemma 5.2 and 5.3.
Definition 5.4. For (i, j) ∈ I such that 1 ≤ i ≤ k− 1 and 1 ≤ j ≤ qi,
we put
θ(i, j) = −δi,qi−j+1 + δi+2,1 + jδi+1,1
Lemma 5.4.
σ(θ(i, j)o) = τ(θ(i, j)e) = j(Pi−1 +Qi−1)
σ¯(θ(i, j)o) = τ¯(θ(i, j)e) = jPi−1
θ(i, j) = j
Proof. We will only show the outline of the calculation for odd i since
it is similar for even i. We can easily get the formulas for σ, τ , σ¯ and
τ¯ . Thus by Lemma 5.1,
θ(i, j)2 = E(θ(〉, |)⌉, θ(〉, |)⌉)−O(θ(〉, |)≀, θ(〉, |)≀)
By the definition,
E(θ(〉, |)⌉, θ(〉, |)⌉) = |∈P〉−∞(P〉−∞ +Q〉−∞)
26
and
O(θ(〉, |)≀, θ(〉, |)≀)
=λiqi−j+1(λ¯
i
qi−j+1
− λ¯i+21 ) + (−λ
i
qi−j+1
+ λi+21 )λ¯
i+2
1
=− jPi−1λ
i
qi−j+1
+ j(Pi−1 +Qi−1)λ¯
i+2
1
=j2Pi−1(Pi−1 +Qi−1) + j(PiQi−1 −QiPi−1)
=j2Pi−1(Pi−1 +Qi−1)− j
Hence we have done.
For a positive integer n which is smaller than m− (Pk−1+Qk−1), we
put
i(n) = max{i|0 ≤ i ≤ k − 1, Pi +Qi ≤ n}
Proposition 5.1. If 0 < n < m− (Pk−1 +Qk−1),
ν(n)2 ≤
n
Pi(n) +Qi(n)
Proof. We use the induction on i(n). If i(n) = 0, it can be easily
checked that ν(n)2 = n. Let i be an integer such that 1 ≤ i ≤ k − 1.
Assume that the ineqality holds for all n such that i(n) < i. We will
show that the inequality holds for n such that i(n) = i under this
assumption. We also assume i is odd since the proof is similar for even
i.
Write n = j(Pi + Qi) + n
′ such that 0 ≤ n′ < Pi +Qi. If n′ = 0, we
can check (by the definition of λ- and µ- expansion) that
ν(n) = ψ((2, 1), (i+ 1, j))
Thus by Corollary 5.2,
ν(n)2 ≤ j
Hence we have done in this case. Thus we assume n′ > 0. We divide the
proof into two cases as follows (i)n′ < Pi−1 +Qi−1 (ii)n
′ ≥ Pi−1 +Qi−1
(i) Put
η = min{ι ∈ I¯e|ι
′ < ι for all ι′ ∈ I¯e such that ν(n
′)ι′ 6= 0}
We can check (by the definition of λ- and µ- expantion)
ν(n) = ν(n′) + ψ(η, (i+ 1, j))
Since ν(n′)o ≤ ψ(η, (i+ 1, j))o and ν(n′)e ≤ ψ(η, (i+ 1, j))e hold, thus
by Corollary 5.1,
ν(n)2 = ν(n′)2 + ψ(η, (i+ 1, j))2
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By Corollary 5.2 and the induction hypothesis,
ν(n)2(Pi +Qi) ≥ ν(n
′)2(Pi +Qi) + j(Pi +Qi)
≥ ν(n′)2(Pi(n′) +Qi(n′)) + j(Pi +Qi)
≥ n′ + j(Pi +Qi)
= n
Thus we have done.
(ii) We can check
ν(n) = ν(n′) + ϕ(i+ 1, j + 1)
ν(n′)o ≤ ϕ(i+ 1, j + 1)o, ν(n′)e ≤ ϕ(i+ 1, j + 1)e
Thus we can get the inequality by the similar way to (i) using Lemma
5.2 and the induction hypothesis,
For n such that m− (Pk−1+Qk−1) ≤ n ≤ m− 1, we define i(n) and
j(n) as follows
i(n) = min{i|0 ≤ i ≤ k − 1, m− n ≤ Pi +Qi}
j(n) = ⌈
m− n
Pi(n)−1 +Qi(n)−1
⌉ − 1
Lemma 5.5. Let n, i, j be positive integers such that m − (Pk−1 +
Qk−1) ≤ n ≤ m − 1, i ≤ k − 1, j ≤ qi and i(n) ≤ i − 1. Then
ν(n) · θ(i, j) = j.
Proof. We only show the proof for even i. By Lemma 5.1,
ν(n) · θ(i, j) = E(ν(\)⌉, θ(〉, |)⌉)−O(ν(\)≀, θ(〉, |)≀)
First we calculate E(ν(\)⌉, θ(〉, |)⌉). Note that m − (Pi−1 + Qi−1) ≤
n ≤ m− 1. Thus the µ-expantion of n is as follows
n =
∑
2≤h≤i−2
h even
(lh−2µ
h
1 + µ
h
jh
) + li−1µ
i
1 +
∑
i+2≤h≤k−2
h even
qh−1µ
h
1 + qk−1µ
k
1 + µ
k
qk
Since
∑
ι∈I¯e
ι≥(i+2,1)
ν(n)eιµι = m− (Pi−1 +Qi−1), we get
∑
ι∈I¯e
ι≤(i,1)
ν(n)eιµι = n−m+ Pi−1 +Qi−1
Using this formula and the formula
∑
ι∈I¯e,ι≥(i+2,1)
ν(n)eι µ¯ι = a−Pi−1,
we get
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E(ν(\)⌉, θ(〉, |)⌉)
=E(
∑
ι∈I¯⌉,ι≤(〉,∞)
ν(\)⌉ιδ
ι +
∑
ι∈I⌉,ι≥(〉+∈,∞)
ν(\)⌉ιδ
ι, θ(〉, |)⌉)
=τ(
∑
ι∈I¯e,ι≤(i,1)
ν(n)eι δ
ι · τ¯(θ(i, j)e) + τ¯(
∑
ι∈I¯e,ι≤(i+2,1)
ν(n)eιδ
ι · τ(θ(i, j)e)
=(n−m+ Pi−1 +Qi−1) · jPi−1 + (a− Pi−1) · j(Pi−1 +Qi−1)
=j(n−m)Pi−1 + ja(Pi−1 +Qi−1)
Next we calculate O(ν(\)≀, θ(〉, |)≀). The λ-expansion of n is as follows
n = λ1j1 +
∑
3≤h≤i−1
h odd
lh−1λ
h
1 + λ
h
jh
+ li+1λ
i+1
1 +
∑
i+3≤h≤k−1
h odd
qh−1λ
h
1 + qkλ
k+1
1
Since
∑
ι∈Io
ι>(i+1,1)
ν(n)oιλι = m− (Pi−1 +Qi−1), we get
∑
ι∈Io
ι≤(i+1,1)
ν(n)oιλι = n−m+ Pi +Qi
Using this formula and
∑
ι∈Io
ι>(i+1,1)
ν(n)oι λ¯ι = a− Pi−1, we can get
O(ν(\)≀, θ(〉, |)≀)
=O(
∑
ι∈Io
ι≤(i+1,1)
ν(\)≀ιδ
ι, θ(〉, |)≀) +O(
∑
ι∈Io
ι>(i+1,1)
ν(\)≀ιδ
ι, θ(〉, |)≀)
=σ(
∑
ι∈Io
ι≤(i+1,1)
ν(n)oι δ
ι)σ¯(θ(i, j)o) + σ¯(
∑
ι∈Io
ι>(i+1,1)
ν(n)oι δ
ι)σ(θ(i, j)o)
=(n−m+ Pi +Qi) · jPi−1 + (a− Pi) · j(Pi−1 +Qi−1)
=j(n−m)Pi−1 + ja(Pi−1 +Qi−1)− j(PiQi−1 −QiPi−1)
=j(n−m)Pi−1 + ja(Pi−1 +Qi−1)− j
Thus we have done.
Lemma 5.6.
ν(m− 1)2 =
∑
1≤h≤k
qh
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Proof. Note that λ- and µ- expansion of m− 1 is as follows
m− 1 = λ10 +
∑
3≤h≤k−1
h odd
(qh−1λ
h
1 + λ
h
0) + qkλ
k+1
1
=
∑
2≤h≤k−2
h even
(qh−1µ
h
1 + µ
h
0) + qk−1µ
k
1 + µ
k
qk
We leave the rest of calculation for the reader’s exercise.
Proposition 5.2. Let n be an integer such that m− (Pk−1 +Qk−1) ≤
n ≤ m− 1. Then
ν(n)2 ≥
∑
i(n)≤h≤k
qh − j(n)
Proof. We use the induction on i(n). If i(n) = 0, then n = m − 1,
Thus we have already done in the above lemma. Let i be a positive
integer and assume that the inequality holds for n′ such that i(n′) < i.
Let n be an integer such that the inequality holds for this n. Put
n′ = n + j(Pi−1 +Qi−1). Then i(n
′) < i. We can check
ν(n) = ν(n′)− θ(i, j)
Thus by Lemma 5.4 and 5.5, we can get
ν(n)2 = ν(n′)2 − 2ν(n′) · θ(i, j) + θ(i, j)2
= ν(n′)2 − j
By the induction hypothesis,
ν(n′) ≥
∑
i(n′)+1≤h≤k
qh
Thus we have done.
(Proof of the Theorem 5.1)
From Proposition 5.1 and Proposition 5.2, we know the thorem holds
if D and D′ is general members in |nKX |. Thus by Corollary 4.1, we
have proved the thorem.
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